We investigate theoretically a hybrid system consisting of a Bose-Einstein condensate (BEC) trapped inside a laser driven membrane-in-the-middle optomechanical cavity assisted with squeezed vacuum injection whose moving membrane interacts both linearly and quadratically with the radiation pressure of the cavity. It is shown that such a hybrid system is very suitable for generating strong quadrature squeezing in the mechanical mode of the membrane and the Bogoliubov mode of the BEC in the unresolved sideband regime. More interestingly, by choosing a suitable sign for the quadratic optomechanical coupling (QOC) one can achieve a very high degree of squeezing in the mechanical mode and a strong entanglement between the mechanical and atomic modes without the necessity of using squeezed light injection. Furthermore, the QOC changes the effective oscillation frequencies of both the mechanical and the atomic modes and affects their relaxation times. It can also make the system switch form optical bistability to tristability.
I. INTRODUCTION
Generation of squeezed states using cavity optomechanical systems has been one of the most attractive fields of research in the realm of quantum optics over the recent years [1] [2] [3] . If a quantum oscillator is in a state in which the quantum fluctuations of one of its quadratures is suppressed below zero-point level, that state is called a squeezed one [4] . Achieving such states is very important for a variety of applications in ultrasensitive measurements [5] [6] [7] [8] .
There are several well-known methods and techniques to achieve stationary squeezing in the conventional optomechanical systems with linear radiation pressure interaction, including periodic modulation of light fields [9] [10] [11] [12] [13] or parametrical driving the mechanical oscillator [14] and coherent modulation of the input laser power [15] which at best lead to 50% noise reduction below the zero-point level (the so-called 3 dB limit) [16] . However, in order to surpass this limit one needs to resort to more complex methods of quantum measurements and feedback processes which are difficult to implement [17] [18] [19] [20] [21] . In recent years, some simpler and more feasible schemes have been proposed to produce strong stationary squeezed states in the optomechanical cavities using quadratic optomechanical coupling (QOC) between the optical and mechanical modes [22, 23] . It has been shown [24, 25] that the 3 dB limit in the mechanical squeezing can be beaten through the effect of QOC.
On the other hand, an alternative path to the investigations of cavity optomechanics has been provided recently by systems consisting of ultracold atomic ensembles trapped in optical cavities [26] [27] [28] [29] . Besides, the hybrid systems consisting of Bose-Einstein condensates (BECs) exhibit optomechanical properties [30, 31] where the excitation of a collective mode * a dalafi@sbu.ac.ir † mhnaderi@phys.ui.ac.ir ‡ motazedifard.ali@gmail.com of the condensate plays effectively the role of the vibrational mode of a moving mirror [32] [33] [34] . One of the most interesting features of such hybrid systems containing the BEC, is the nonlinear effect of the atom-atom interaction which may lead to the squeezing of the matter field of the BEC [35] , changeing the pattern of normal modes of the cavity output optical field [36] , and the generation of squeezed Casimir photons and Bogoliubov/mechanical-type phonons [37] . It has been also shown experimentaly that QOC can be realized in a hybrid cavity containing ultracold atoms [38] . Motivated by the above-mentioned studies, in this paper we study a hybrid system consisting of a BEC trapped inside a membrane-in-the-middle optomechanical cavity. The cavity is injected by a laser pump and a broadband squeezed vacuum field and the membrane interacts both linearly and quadratically with the radiation pressure of the cavity. It is shown that the QOC not only modifies the quantum fluctuations but also affects the mean-fields of the system. In fact, it changes the effective oscillation frequencies of both the mechanical mode of the membrane and the Bogoliubov mode of the BEC and also affects their relaxation times. Besides, it can make the system switch form optical bistability to optical tristability.
On the other hand, another well-known method for beating the standard squeezing limit of 3 dB for a mechanical mode is the injection of a squeezed light directly into the cavity [39] . In this work, we show that the squeezed vacuum light injection can enhance quadrature squeezing in both the mechanical and Bogoliubov modes. Nevertheless, by using a suitable sign of the QOC one can achieve a considerable degree of squeezing (up to 10 dB) in the mechanical mode even in the absence of the squeezed light injection. Moreover, our motivation to equip the optomechanical cavity with the BEC is based on the fact that such a hybridized system can operate effectively in the unresolved sideband regime while most of the schemes proposed for the generation of strong optomechanical squeezing work in the resolved sideband regime [22, 24, 40] .
Furthermore, in hybrid BEC-optomechanical systems establishing a strong stationary entanglement between the mechanical and the atomic modes is very challenging due to their indirect interaction [41] . Here, we show that although the injection of the squeezed light into the optomechanical cavity can strengthen the BEC-membrane entanglement, for a suitable sign of the QOC the entanglement between the mechanical and atomic modes can be increased to very high extent in the dispersive regime even in the absence of the squeezed vacuum injection.
The paper is structured as follows. In Sec. II we derive the Hamiltonian of the system. In Sec. III we describe the system dynamics in the framework of the quantum Langevin equations (QLEs). The dynamical evolution of the mean fields of the system and the optical multistability are studied in Sec. IV and Sec. V, respectively. In Sec. VI we investigate the quantum fluctuations of the system in the steady state. Finally, our conclusions are summarized in Sec. VII.
II. SYSTEM HAMILTONIAN
As depicted in Fig. (1) , we consider a hybrid system consisting of a cigar-shaped BEC of N two-level atoms with mass m a and transition frequency ω a trapped inside a membranein-the-middle optomechanical cavity with length L where a mechanical oscillator (MO) which is free to oscillate at mechanical frequency ω m has been placed on the right side of the BEC. The cavity is driven at rate η = 2Pκ/ ω p through the left mirror by a laser with frequency ω p , and wavenumber k = ω p /c (P is the laser power and κ is the cavity decay rate). Moreover,the cavity is injected by a broadband squeezed vacuum field with central frequency ω sq which is assumed to be at resonant with the cavity mode, i.e., ω sq = ω 0 .
If the laser pump is far detuned from the atomic resonance, i.e., ∆ a = ω p −ω a γ a where γ a is the atomic linewidth, then the excited electronic state of the atoms can be adiabatically eliminated and spontaneous emission can be neglected [42] [43] [44] . In this way, the atomic wave function can be described by the scalar quantum field Ψ(x) and the Hamiltonian of the system in a frame rotating at the laser pump frequency can be written as
Here L 0 is the length of the BEC which has been extended symmetrically about the center of the cavity. It has also been assumed that the membrane reflectivity is so low that the cavity field can be considered as a single-mode field with annihilation operatorâ and central frequency ω 0 = nπc/L [15, 45] . Besides, ∆ c = ω p − ω 0 is the detuning between the cavity and the laser pump, U 0 = g 2 0 /∆ a is the optical lattice barrier height per photon which represents the atomic backaction on the field, g 0 is the vacuum Rabi frequency, U s = 4π 2 a s /m a and a s is the two-body s-wave scattering length [42, 43] .
The first term in the last line of Eq. (1) represents the free energy of the mechanical mode of the membrane, while the
(Color online) A BEC trapped in a membrane-in-the-middle optomechanical cavity interacting with a single cavity mode. The cavity which decays at rate κ is driven through the left mirror by a laser with frequency ω p and also is injected by a squeezed vacuum field. The membrane is free to oscillate at mechanical frequency ω m .
second and third terms describing the linear and quadratic couplings of the mechanical mode of the membrane with the radiation pressure of the cavity with rates ξ 1 and ξ 2 , respectively. It should be noted that in a membrane-in-the-middle optomechanical system the coupling between the mechanical mode of the membrane and the optical field depends on the equilibrium position of the membrane relative to the nodes of the cavity mode [46] . This results in a cavity detuning which is a periodic function of the membrane equilibrium position whose Taylor expansion up to the second order leads to the linear (ξ 1 ) and the quadratic (ξ 2 ) couplings of the membrane to the radiation pressure of the cavity. Therefore, both the absolute value of the ratio ξ 2 /ξ 1 and its sign can be controlled and manipulated experimentally through the equilibrium position of the membrane relative to the nodes of the cavity mode [47] .
On the other hand, in the weakly interacting regime,where
a is the recoil frequency of the condensate atoms), and under the Bogoliubov approximation [44] , the atomic field operator can be expanded as the following single-mode quantum field
where the so-called Bogoliubov mode c corresponds to the quantum fluctuations of the atomic field about the classical condensate mode (
). As has been shown in Refs. [48, 49] by substituting the atomic field operator of Eq. (2) into Eq. (1), and defining the Bogoliubov mode quadratures as
2 ) (w is the waist radius of the optical mode) being the s-wave scattering frequency of the atomic collisions, the Hamiltonian of the system reduces to 
√
NU 0 . Here, we have ignored the cross-Kerr nonlinear term of the BEC which is very weak compared to the radiation pressure interaction as has been shown in Ref. [50] .
III. DYNAMICS OF THE SYSTEM
The dynamics of the system is fully determined by the following set of nonlinear Heisenberg-Langevin equations:
where γ m and γ c are, respectively, the dissipation rates of the mechanical and the Bogoliubov modes. The system is affected by three uncorrelated quantum noise sources: the optical input vacuum noise, δa in , the Brownian noise δp in acting on the moving membrane, and the quadrature noise operators δQ in and δP in acting on the Bogoliubove mode of the BEC arising from the harmonic trapping potential in which the BEC has been confined and also from the extra modes of the BEC which have been neglected in the single-mode approximation of Eq. (2) [34, 51, 52] . The Brownian noise acting on the membrane satisfies the Markovian correlation function
−1 as the mean number of thermal phonons of the mechanical mode [53] . Moreover, the input noises of the BEC satisfy similar correlation
−1 as the mean number of thermal excitations of the Bogoliubov mode of the BEC [51] .
The quantum vacuum fluctuations of the optical field in the absence of the squeezed vacuum injection satisfy the Markovian correlation functions δa in (t)δa † in (t ) = δ(t − t ) and δa † in (t)δa in (t ) = 0. However, if the cavity is driven by a broadband squeezed vacuum field with a spectrum centered at the cavity resonance frequency ω sq = ω 0 then the optical noise correlation functions satisfy the Markovian relations δa in (t)δa in (t ) = M s δ(t − t ) and δa † in (t)δa in (t ) = N s δ(t − t ) where in the case of pure squeezing M s = (1/2) sinh(2r) exp(iφ) and N s = sinh 2 (r) with r and φ being, respectively, the strength and the phase of squeezing, so that [8, 39, 54] . Now, in order to find the solutions to the set of nonlinear equations (4a-4e) we decompose each operator as the sum of its mean-field value and a small fluctuation around it. By substituting a = α + δa for the optical field, and o =ō + δo with o = q, p, Q, P for the quadratures of the mechanical and atomic fields into Eqs. (4a-4e) one can obtain the following set of nonlinear first-order ordinary differential equations for the classical mean-fieldṡ
where ∆ = δ c + ζQ − ξ 1q + ξ 2q 2 is the effective detuning of the cavity. By defining the optical quadrature fluctuations as δX =
QLEs are obtained in the following compact matrix form:
where δu = [δX, δY, δq, δp, δQ, δP] T is the vector of continuous variable fluctuation operators and δn = [
is the corresponding vector of noises in which
(δa in − δa † in ) are the input noise quadratures of the optical field . The 6 × 6 drift matrix A is given by
where β = ξ 1 − 2ξ 2q , ω b = ω m + 2ξ 2 |α| 2 , and α R and α I are, respectively, the real and imaginary parts of the optical mean field. In the following two sections, we will investigate how the QOC affects the dynamical behavior of the mean-fields and also the multistability of the system in the stationary state.
IV. MEAN-FIELDS DYNAMICS
If the damping rate of the cavity is faster than those of the mechanical and Bogoliubov modes, i.e. κ γ m , γ c , the optical field follows the dynamics of the mechanical and atomic oscillators adiabatically. Therefore, in the so-called adiabatic approximation Eq. (5a) leads to the following equation
Therefore, Eqs. (5b-5e) together with Eq. (8) lead to the following set of second-order nonlinear ordinary differential equations for the mean-fields of the quadratures q and Q of the mechanical and the Bogoliubov modes, respectively, which are coupled to each other through the mean-value of the optical fieldq
are, respectively, the effective frequencies of the mechanical and the Bogoliubov modes. As is seen, the effective frequency of the mechanical mode has an explicit dependence on the mean value of the optical field through the parameter ξ 2 of the QOC. On the other hand, since the Bogoliubov mode is coupled indirectly to the mechanical mode through the mediation of the optical field, its effective frequency is also modified by the QOC of the mechanical mode, as will be shown in the following.
The set of Eqs. (9a), (9b) and (8) can be solved numerically. Here, we analyze our results based on the experimentally feasible parameters given in Refs. [55, 56] . We consider an optical cavity of length L = 178µm whose bare frequency is ω 0 = 2.41494 × 10
15 Hz corresponding to a wavelength of λ = 780nm. The membrane oscillates with frequency ω m = 10 5 Hz and has a damping rate γ m = 2π × 100Hz. The cavity contains N = 10 5 Rb atoms and is coherently driven at amplitude η by a pump laser with frequency ω p through the left end mirror and has a damping rate of κ = 2π × 1.3MHz. The atomic D 2 transition corresponding to the atomic transition frequency ω a = 2.41419 × 10 15 Hz couples to the mentioned mode of the cavity. The atom-field coupling strength is g 0 = 2π × 14.1MHz and the recoil frequency of the atoms is ω R = 23.7KHz.
In Fig. (2) we have shown the temporal behavior of the mean values of the q-quadrature of the mechanical mode [ Fig. 2(a) ] and the Q-quadrature of the Bogoliubov mode [ Fig. 2(b) ] as well as the optical mean-field [ Fig. 2(c) ] when the cavity is pumped at rate η = 100κ and the effective detuning has been fixed at δ c = 50κ for three different values of QOC parameter ξ 2 = 0 (the line indicated by ξ 0 ), ξ 2 = −0.003ξ 1 (the line indicated by ξ − ), and ξ 2 = +0.003ξ 1 (the line indicated by ξ + ) with ξ 1 = 0.05κ. In Figs. 2(d)-2(f) , the mean-fields have been plotted in a shorter time interval for the convenience of comparing their oscillatory behaviors.
As is seen from Fig. (2) , the overall effect of the QOC manifests as the increase in the amplitude of oscillations. Besides, the presence of the QOC with a positive sign increases while with a negative sign decreases the oscillation frequencies of both the mechanical and the Bogoliubov modes compared to those in its absence. It is due to the dependence of the effective frequency of the mechanical mode to the optical mean-field through ξ 2 , i.e.,ω m = ω m (ω m + 2ξ 2 |α| 2 ) and the coupling of the Bogoliubov mode to the mechanical mode through the mediation of the optical mode. Moreover, the presence of QOC with a positive sign increases while with a negative sign decreases the relaxation times of oscillations of both the mechanical and the Bogoliubov modes compared to those in its absence.
The results obtained here for a hybrid optomechanical system are comparable to those of Ref. [57] where a similar behavior has been observed for the mechanical frequency of a bare optomechanical cavity. The interesting point is that in the hybrid system the Bogoliubov mode of the BEC behaves as a secondary mechanical mode which is coupled indirectly to the mechanical mode of the membrane with the mediation of the optical field. Therefore, the variation of the mechanical frequency due to the QOC to the optical field is also transferred indirectly to the Bogoliubov mode which leads to the modification of its frequency.
V. OPTICAL MULTISTABILITY
In this section we investigate the effects of the QOC on the multistability behavior of the system. For this purpose, we should find the stationary-state solutions of the mean field equations [Eqs. (5a)-(5e)]. In the steady-state, the mean-field of the optical mode is given by |α| 2 = η 2 /(∆ 2 + κ 2 ) while those of the mechanical and Bogoliubov modes are, respectively,
By solving this set of nonlinear algebraic equations, we obtain the steady-state value of the optical mode in terms of the effective detuning δ c for different values of the QOC parameter ξ 2 .
In Fig. (3) we have demonstrated the steady-state mean value of the optical field (the mean number of cavity photons) versus the normalized effective detuning δ c /κ in the absence of the QOC [ Fig. 3(b) ] and in its presence with ξ 2 /ξ 1 = −0.002 [ Fig. 3(a) an ordinary bistability behavior for δ c > 60κ. Here, the system is stable along the branches 1 and 2 while it is unstable along the branch 3. The stability conditions can be obtained, for example, by using the Routh-Hurwitz criteria [58] . In fact, the system is stable only if all the eigenvalues of the drift matrix A [Eq. (7)] have negative real parts.
In order to see how the QOC with a negative sign affects the multistability behavior of the system, we have shown in Figs. 3(a) ,3(c), and 3(e) the optical mean-field value versus the normalized effective detuning δ c /κ for three negative values of ξ 2 /ξ 1 . Based on our numerical calculations the system is stable along the branches 1, 2 and 4 of Figs. 3(a),3(c) , and 3(e) while it is unstable along the branches 3, 5 and 6. Here, the system shows a single stability behavior for δ c < 60κ. However, for δ c > 60κ it shows a bistability behavior for a limited interval and afterwards it switches to a tristability behavior. Interestingly, the transition threshold from bistability to tristability is shifted to the lower values of δ c for larger (negative) values of |ξ 2 |. Therefore, the mentioned threshold can be controlled by the absolute value of the QOC. Such a bistabilitytristability transition can be used for all-optical switching purposes functioning as memory devices for optical computing and quantum information processing [59, 60] .
On the other hand, for positive values of the QOC, as shown in Fig. 3(d) with ξ 2 /ξ 1 = +0.003 and Fig. 3(f) with ξ 2 /ξ 1 = +0.005, the system shows a bistability behavior very similar to that in the absence of the QOC [ Fig. 3(b) ] with the difference that here the mean number of photons is increased a little bit for each value of the effective detuning for larger values of QOC. In Figs. 3(d) and 3 (f) the system is stable along the branches 1 and 2 while it is unstable along the branch 3. Therefore, one can control the optical multistability behavior of such a hybrid system through the sing of the QOC between the mechanical and the optical modes. Moreover, for negative values of QOC one can shift the threshold of the optical bistability-tristability transition through the absolute value of the QOC.
VI. STEADY-STATE VALUES OF QUANTUM FLUCTUATIONS
In order to examine the effect of the squeezed vacuum injection on the optomechanical properties of the system, we should study the quantum fluctuations of the system. Here, we exploit the injection of a broadband squeezed vacuum light in order to control the squeezing degrees of the atomic and mechanical modes and their bipartite entanglement when the system reaches the stationary state. In addition, we investigate the impact of the QOC on the quantum fluctuations of the system.
Due to the linearized dynamics of the fluctuations and since all noises are Gaussian the steady state is a zero-mean Gaussian state which is fully characterized by the 6 × 6 stationary correlation matrix (CM) V , with components
. In order to obtain δu i (∞) one needs to solve Eq. (6) whose solution is given by
where M(t) = exp(At). If the stability conditions are satisfied then M(∞) = 0 and therefore the steady-state solution is obtained as
Using Eq.(11) the steady-state values of the CM elements are obtained as
where D(t − t ) is the diffusion matrix whose elements are obtained by the relation
By substituting Eq. (13) into Eq. (12) the CM in the stationary state is obtained as
If the stability conditions are satisfied so that M(∞) = 0 then Eq. (14) leads to the Lyapunov equation
Based on Eq. (13) and using the quantum noise correlation functions of the system explained in Sec. III, we can determine the diffusion matrix. In the absence of the squeezed vacuum light injection the diffusion matrix D is a diagonal matrix given by D = diag[κ, κ, 0, γ m , γ c , γ c ] , while in the presence of injected squeezing it has the following form In order to see when a quantum oscillator exhibits quadrature squeezing we should consider a measure for the degree of squeezing. If δx and δy are the quadratures of a quantum oscillator (like those of the mechanical mode of the membrane or the Bogoliubov mode of the BEC) which satisfy the commutation relation [δx, δy] = i, the Heisenberg uncertainty relation is given by ∆x∆y ≥ σ ZPF where σ ZPF = | [δx, δy] |/2 is the zero-point fluctuation and ∆x = δx 2 − δx 2 and ∆y = δy 2 − δy 2 are quadrature uncertainties. If the quantum oscillator is in a state in which one of the variances σ x = (∆x) 2 or σ y = (∆y) 2 is less than σ ZPF = 1/2 then the corresponding state is a squeezed one. One of the most convenient measures for the degree of squeezing is the definition in the dB unit which is given by −10 log 10 (σ j /σ ZPF ) for j = x or y. Based on this definition, if the oscillator is in a state in which one of the variances is σ j = σ ZPF /2 which corresponds to 50% noise reduction below the zero-point level, the degree of squeezing is approximately 3 dB for the corresponding quadrature.
On the other hand, the bipartite entanglement can be calculated by using the logarithmic negativity [61] :
where
is the lowest symplectic eigenvalue of the partial transpose of the 4 × 4 CM, V bp , associated with the selected bipartition, obtained by neglecting the rows and columns of the uninteresting modes
and Σ(V bp ) = detB + detB − 2detC. Based on our numerical calculations, the squeezing does not occur in the p-(P-)quadrature of the mechanical (atomic) mode while the conjugate quadrature q(Q) shows squeezing behavior. Here, the variances σ q = δq 2 and σ Q = δQ 2 can be determined in terms of the CM elements so that for the mechanical and the Bogoliubov modes we have, respectively, σ q = V 33 and σ Q = V 55 . In Figs. (4) and (5) Figs. 5(a)-5(f) ] when the temperature of the system is T = 0.1µK, the s-wave scattering frequency of the atom-atom interaction is ω sw = 0.5ω R and the cavity is pumped at rate η = 100κ. Also, it has been assumed that the parameters of the squeezed vacuum field have been fixed at N s = 10, φ = π,
In those panels of Figs. (4) and (5) showing the degrees of quadrature squeezing, the lines indicated by Qs and those indicated by Q correspond, respectively, to the Q-quadrature squeezing of the Bogoliubov mode in the presence and absence of the squeezed vacuum injection; the lines indicated by qs and those indicated by q correspond, respectively, to the q-quadrature squeezing of the mechanical mode in the presence and absence of the squeezed vacuum injection. In addition, the thick horizontal lines denote the 3 dB limit. On the other hand, in those panels showing the BEC-membrane entanglement, the lines indicated by E N s and those indicated by E N correspond, respectively, to the BEC-membrane entanglement in the presence and absence of the squeezed vacuum injection.
All the results obtained in Figs. (4) and (5) have been calculated along the stable branch 1 of Fig. (3) . Based on our numerical calculations the phase of the vacuum injection field has the optimum value of φ = π which leads to the maximum BEC-membrane entanglement and also the maximum noise reduction in the mechanical and the Bogoliubov modes for each value of the effective detuning δ c . Besides, no more enhancement of squeezing and entanglement is achievable for N s > 10. That is why we have fixed φ = π and N s = 10 in Figs. (4) and (5) .
As is seen from Figs. 4(a) and 4(b), in the absence of the QOC and without squeezed vacuum injection no squeezing is observed in the mechanical mode and there is a very weak stationary entanglement between the BEC and the membrane (E N < 0.04). However, by injection of the squeezed vacuum field the mechanical mode is squeezed a little bit and the stationary entanglement between the BEC and the membrane increases to more than E N s = 0.1. In addition, the squeezing degree of the Bogoliubov mode is increased over 2 dB in a wide range of the effective detuning [the line indicated by Qs in Fig. 4(a) ].
On the other hand, in the presence of the QOC with negative sign [Figs. 4(c)-4(f) ] the BEC-membrane entanglement in the absence and presence of the squeezed vacuum injection increases to more than E N = 0.1 and E N s = 0.4 , respectively. Besides, by injection of the squeezed vacuum field one can increase the squeezing degree of the mechanical mode up to 2 dB and less than 3 dB, respectively, for ξ 2 /ξ 1 = −0.003 and , and E N (E N s ) correspond, respectively, to the quadrature squeezing of the mechanical mode, the Bogoliubov mode, and the BEC-membrane entanglement in the absence of the squeezed vacuum injection (presence of the squeezed vacuum injection with N s = 10, φ = π) . In panels (a), (c), and (e) the thick horizontal line corresponds to the 3 dB limit. The other parameters are the same as those in Fig. (2) . ξ 2 /ξ 1 = −0.005. For more negative values of the QOC which have not shown here, the squeezing degree of the mechanical mode gets slightly larger than 3 dB only in the presence of the squeezed vacuum injection.
These results reveal that for ξ 2 /ξ 1 ≤ 0, i.e., in the absence of the QOC or in its presence with negative sign, by injection of the squeezed vacuum field one can enhance the BECmembrane entanglement and also increase the squeezing degree of the mechanical and the atomic modes. In addition, for negative values of the QOC by increasing the absolute value of the QOC, i.e., |ξ 2 |, both the BEC-membrane entanglement and the squeezing degree of the mechanical mode are increased. Nevertheless, beating the 3 dB limit is not possible for zero or negative values of QOC in the absence of the squeezed vacuum injection.
On the other hand, for ξ 2 /ξ 1 = +0.003 [ Fig. 5(a)-5(b) ] the squeezing degree of the Bogoliubov mode of the BEC in the presence of the squeezed vacuum injection can be reached to more than 2 dB for a wide range of the effective detuning while that of the mechanical mode of the membrane can be increased to more than 5 dB irrespective of the presence or the absence of the squeezed vacuum injection. Here, the noise reduction in the mechanical and the Bogoliubov modes lead to a very strong stationary entanglement between the BEC and the membrane which reaches to more than E N = 0.5 in the dispersive regime where the effective cavity detuning is much larger than the damping rate of the cavity [δ c > 300κ before the system becomes unstable as is shown in Fig. 5 .005, and ξ 2 /ξ 1 = +0.01, respectively, while that of the Bogoliubov mode is preserved at less than 3 dB. Furthermore, for these two values of ξ 2 /ξ 1 the BEC-membrane entanglement is increased, respectively, to more than E N = 0.7 and E N = 1 even without the necessity of the squeezed vacuum injection In short, the QOC can always enhances the stationary entanglement between the mechanical mode of the membrane and the Bogoliubov mode of the BEC irrespective of its sign. However, for positive values of QOC the BEC-membrane entanglement can be strengthened very intensively even with-out the necessity of squeezed vacuum injection. More interestingly, for the positive sign of the QOC the 3 dB limit of squeezing can be beaten for the q-quadrature of the mechanical mode so that it may be squeezed to very high degrees even in the absence of squeezed vacuum injection for δ c κ. On the other hand, the role of the squeezed vacuum injection is important in the enhancement of the Q-quadrature squeezing of the Bogoliubov mode. Besides, the QOC with negative sign leads to the enhancement of both the BEC-membrane entanglement and the q-quadrature squeezing degree of the mechanical mode. Nevertheless, beating the 3 dB limit is not possible for negative sign of QOC unless the cavity is injected with the squeezed vacuum field.
VII. CONCLUSIONS
In conclusion, we have theoretically investigated a membrane-in-the-middle optomechanical cavity consisting of a cigar-shaped BEC of two-level atoms where the mechanical mode of the membrane interacts both linearly and quadratically with the radiation pressure of the cavity. The cavity is driven through the left mirror by an external laser and also is injected by a squeezed vacuum field with a central frequency which is assumed to be at resonant with the cavity mode. If the laser pump is far detuned from the atomic resonance the atomic wave function can be described by a single-mode scalar quantum field in the Bogoliubov approximation which is coupled linearly to the radiation pressure of the cavity.
We have shown that the QOC not only affects the dynamical behavior of the mean fields but also changes the optical bistability behavior to tristability behavior and also modifies the steady-state quantum fluctuations of the system. It has been shown that for negative values of the QOC, the transition threshold from bistability to tristability can be controlled by the absolute value of the QOC. Furthermore, the QOC modifies the effective oscillation frequencies of the mechanical and the Bogoliubov modes and also their relaxation times.
On the other hand, the quantum fluctuations of the system can be manipulated by both the QOC and the squeezed vacuum injection. It has been shown that by suitable combination of the QOC and the vacuum field injection one can increase the noise reduction in the mechanical and the Bogoliubov modes to very high extent and produce a very strong stationary-state entanglement between them. More interestingly, for positive values of the QOC one can achieve a very high degree of squeezing in the mechanical mode and a strong entanglement between the mechanical and atomic modes without the necessity of the squeezed light injection. 
